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Abstract 
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Yankielowicz potential in M = 1 supersymmetric Yang-Mills model is discussed 
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J\f = 4 supersymmetric Yang-Mills model. 
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1 Introduction 



Several attempts have been made to derive from dynamical principles the superpoten- 
tial of Af = 1 SUSY gauge models including the celebrated Veneziano-Yankielowicz (VY) 
potential for the pure Af = 1 Super Yang- Mills (SYM) model pQ. 

Within the QFT framework one can distinguish two approaches i. e. either to apply the 
generalized Konishi anomaly and the corresponding anomalous Ward-Takahashi identity 
(AWTI) [2] or to try to compute the potential directly from the microscopic Lagrangian 
with an appropriate regularization scheme. 

The former approach leads to the formal equivalence [2j with the highly successful 
Matrix Model method due to Dijkgraaf and Vafa (DV) originally proposed as a spin- 
off from string theory, whereas in the latter, one generally makes appeal to the instanton 
calculus [3] so as to take into account "non perturbative" effects like the VY potential. 

The instanton method is known to produce some ambiguities in certain cases [5] al- 
though, in the celebrated Seiberg-Witten model, agreement with the instanton method is 
considered as a proof of correctness of both methods. 

On the other hand, there are also a few attempts to compute low energy quantities 
like the superpotential by making use of elementary diagrammatic methods which exploit 
the covariant supersymmetric Feynman rule [6] previously developed for the purpose of 
the "perturbative" derivation of the DV correspondence. 

This latter gives an efficient way to extract information about the low energy holo- 
morphic quantities ("F terms"). 

The impression here is that one may obtain the superpotential of the system made up 
of gluons and some additional "matter" but that it is difficult to deal with pure gluonic 
systems [7]. 

In [8] , a diagrammatic derivation of VY superpotential for the pure Af = 1 SYM model 
has been attempted; the authors have limited themselves to the case of the SU (2) gauge 
group. 

The central observation in [8] is that the superpotential of the superconformal Af = 4 
SYM model in four dimensions is "trivial" in the sense that it receives no contributions 
from non-trivial holomorphic terms [9]. The Af = 4 SYM model is assumed to be UV 
finite and so is its mass deformed version (Af =1* model) [10J. Superconformal symmetry 
of the undeformed Af = 4 SYM implies (3(g) = 0; therefore the gauge coupling constant 
does not vary with the energy scale. 

Applying a Renormalization Group (RG) -type argument [TT] one may try to compute 
the (holomorphic) Af = 1 potential as the difference from the trivial Af = 4 superpotential. 

In [S], one has obtained the VY superpotential for SU(2) pure Af = 1 SYM. 

However, there are some ambiguities in the computations presented in [S]. 

First of all, the insufficient analysis of anticommuting external field (W a or A a ) makes 
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the generalization to N c > 2 difficult. 

Moreover, the limiting procedure to evaluate the "difference" of potentials 



AV = V N=1 - VV= 4 



and reduce it to the VY form as the regularizing mass parameter /x flows from large M 
(corresponding to M = 1 SYM) to M ~ (corresponding to M = 4 SYM) lacks of 
mathematical rigour. 

Indeed at the end of computation, the one-loop potential takes the form 



with a being a numerical constant. 

The VY form of the potential can appear if one assumes agQ(W 2 /M 3 ) 3> 1 3> 



On the other hand, a naive IR limit M — > makes the whole potential logarithmically 
divergent. 

Moreover, in order to arrive at the quoted result, eq. (0Q), the authors [8 J have adopted 
the Gaussian approximation i. e. the effective coupling obtained in the intermediate stage 
of computation has been truncated beyond the quadratic term. 

As we see later, the justification for such "Gaussian approximation" also depends on 
the smallness of agl [W 2 /(M M 2 )] . 

The same RG-type approach (with respect to M = 4 SYM model) has been used 
with complete success in Matrix Model computation [H]. In this paper, the authors 
have applied the Matrix Model method by Dijkgraaf and Vafa [3] to the same model 
parametrized by the "floating" mass \x (M < fi < M ). 

The crucial point here is again to appeal to the assumed triviality of the holomorphic 
part of the M = 4 superpotential, corresponding to the M — > limit. In this way, the 
authors of [H] were able to uniquely determine the overall coefficient Cfj for the measure 
of the matrix integral. 

In particular, their computation shows that the leading term as N — > oo exhibits a 
smooth limit as M — * 0. Thus one can define in such a way that the M — ► limit 
gives the required boundary condition without any ambiguity. It was shown that this 
definition of the matrix integral yields the complete M = 1* superpotential including the 
VY term as well as the perturbative corrections. 




(1) 





(2) 
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Adding the symmetry breaking potential at the beginning, one can also successfully 
deal with a spontaneously broken Af = 2 SYM model, obtaining the perturbative version 
of Seiberg-Witten solution [TU] . 

In this approach, moreover, one does not appear to encounter any of the ambiguities 
plaguing the instantonic computation of VY potential. 

It should be emphasized that in the Matrix Model computation, the use of the same 
idea of triviality of the Af = 4 superpotential does not lead to any IR divergence so long 
as one is interested in leading N results. 

The paper is organized as follows: section (J2J) is devoted to retracing the results of 
[8] and [H] and their reanalysis. In section ([3]) we will attempt to construct a more 
convincing diagrammatic computation of the SU(N C ) SYM superpotential from the QFT 
point of view, while section (j3J) will contain our conclusions. 



2 QFT and Matrix Model derivation of Superpoten- 
tial 

In this section, we will briefly review and compare the methods of [8] and |14j . 

2.1 ERG approach to M = 1 Superpotential 

In [H], one starts with the microscopic action for the Af = 1* model with gauge group 
G = SU(N C ). 



SV=i'(V,$i,$<;0o) = 4 [d A xd 2 6^W 2 + hc 

16 j go 



r _ 

+2N C d A x d 2 9 d 2 9 $ i e9 ° V ®i 
J i=i 



+ l ^Jd A xd 2 ef abc e -f^ ] % k \u 



3 

+^ fd 4 xd 2 eJ2 M^ 2 + he, (3) 

J i=l 



where p- = pr + ^ (canonical representation). Note that in the original presentation 

[8] the authors have used the so-called holomorphic representation while here we will be 
using the canonical representation. 

For large Mg (= M ), this model can be regarded as a Af = 1 SYM model, regularized 
by a mass deformed Af — 4 SYM [11]. 
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It is believed that the model is free of UV divergences for an arbitrary set of masses 
(Mq) just as the original superconformal model without any mass deformation [10J. 
The pure M = 1 SYM can be realized in the limit Mq = M — ► oo and g —>■ with 



M 8tt 2 



held fixed. 

On the other hand, the Mq = M — > limit at fixed go should realize the M = 4 SYM 
for any g Q . 

In [H] the following three-stage procedure has been used to obtain the superpotential. 

2.1.1 The holomorphic reduction 

Following [6J, one can approximately integrate out the antichiral components (3>i)t=i 2 

(we regard $3 and $3 as external at this stage), thus obtaining the effective $1, $2 action 
written in momentum spac^U 

l - Jd 4 pd 2 7r^ ia *(p,7r)(~p 2 + n a W a + 1($ 3 ) + M ) m jb $ jb *(-p, -tt), (5) 



where W a - W^ jb = W^F^, 

A - = ^^ae^ = ^|($ • F) <g> za 2 . 

Note that in writing (jHJ), the chiral field $3 too is treated as if it were constant. However, 
it is easy to see that, for large M , only the lowest frequency components of $3 contribute 
when integrated with respect to $1 and $2- Eq. (jSJ) gives the effective holomorphic 
propagator of $1 and $ 2 (valid only for the evaluation of low energy amplitudes). 

2.1.2 Exact Renormalization Group reduction. 

In general, one can transform a path integral with an action like (j5J) into another of 
similar form, where the regularizing parameter Mq has been changed to M < Mq. This is 
equivalent to K. Wilson's decimation method in lattice models p2] and to the variation 
of the cutoff in continuum QFT [T3]. The simple formula for implementing this change is 



1 Following the lead in [Sj, we will Fourier transform all superspace coordinates 
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Zinn- Justin's transformation |17j : 



2?$ cxp 



exp 



$*(-p) J Dr l (p)$*( P ) + 



-~ j ^(-p)D 2 1 ( P )$'*(p)~V^ + ^) 



where -Dj(p)'s are the regulated propagators. 

In our case, the situation is somewhat simpler as the effective action, eq. 
quadratic in $i j2 . Then the required equivalent of eq. (E]) is: 



(6) 



is 



i=l,2 



II Vfyexp - /d 4 pd 2 7T$* a [V + ir Q W a + A($ 3 ) + M Q ] ia , jb $* b 



t=l,2 



(7) 

In eq. ([7]) $ and $' have been diagonalised in order to cancel the mixed product in (J6]). 

As explained in [8], the first term in RHS, with reduced mass M, will reproduce, in 
the vanishing M limit, the amplitude for the Af = 4 SYM, while the second term should 
contribute the non-trivial part of the "Wilsonian action" Sm — SV=4 . 

The gaussian integral over $' x 2 has been exactly computed in [8 J in the case of N c = 2. 
We only quote the result: 



W X W 2 
8tt 2 



log 



M\ 



M J 



+ lof 



1 + 2 /M 2 
1 + 2 /M 2 



+ 



+2 



> 2 + 2 )/M\ 



- 



M 2 \(j> J 

(w x «-> w 2 ) 



tan 1 



M 



M 



(M «-> M ) ^ + 



(8) 



where W a = (diagonal component), ($3)' 



>?>■ 
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2.1.3 Integration over <£> 3 

In order to arrive at the superpotential as a function of the gluon supermultiplet only, 
one must integrate over $ 3 = 0, with the effective coupling given in eq. (JED- 

To this end, one may try to apply the same procedure used for P$ 1 P$ 2 ) i- e - first 
integrate out $3 and then apply the ERG transformation, M — > M. Dealing with a 
non-quadratic action, eq. (jHj), one must in principle apply Zinn- Justin's formula (jSj) in 
its unsimplified form. However, in [8], a Taylor expansion up to the second order was 
performed first and, then, the previous procedure to the resulting quadratic action for $ 3 
was applied. 

The quadratic approximation to (jSJ) is 



4WiW 2 

167T 2 



log 77 + 77 



M n M 3 M 2 



My ( \ 2 2<f)'i + 



J 2 



(Wi «-> w 2 



(omitting M 2 terms) and the result after P$3 integration is 



M\ , / 1 + 



2w2 



327r 2 -3M M 2 . 



If one adds the log(M/Mo) 2 contribution from (jHJ), and the gauge kinematical term in 
«SV=4) ec L- © takes the form 



2i f Ttr2 \. f M\ 



g 2 w 2 




k V 7 V 1 "r 327r 2 -3M M 2 

To conclude that the potential is of VY type, in the vanishing M/Mq limit, one must 
be able to ascertain 

l + ag 2 W 2 /M 3 \ ^ f ag 2 W 2 



If one can justify this assumption, then the superpotential for M = 1 SYM (with 
N c = 2) takes the VY form 

W eS =-±- /( 2 logf -— %-— ) +t& \s (S = W 2 ) (12) 



128vr 2 J { °\3A 3 -32ti 2 , 
If we look for the extrema of (jl2l) . we find 

(W 2 /(32tt 2 )} ~ (±exp(-z^ /2)A /3 . (13) 
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where 



3 x 1/3 

V=(^J A (14) 



Note that no use of instantons has been made to obtain the results (fT2l)-(fl~3l). 



2.2 Matrix Model method to compute Af = 1 potential 

It has been suggested in [3] that the large N limit of a certain Matrix Model can 
reproduce the holomorphic superpotential of a wide class of gauge field theories. 

At the beginning, it was believed that such a correspondence was limited to the per- 
turbative corrections to the superpotential, thus excluding Af = 1 VY potential [2]. This 
"inability" was related to the fact that one could not determine unambiguously the overall 
coefficient for the matrix integral measure |15j . 

Kawai and his collaborators, after establishing the direct correspondence between DV 
methods and certain generalizations of gauge field theories (on non-commutative space 
time) [18] , tried to use the triviality of Af = 4 superpotential as a boundary condition for 
determining the unknown overall coefficient of the matrix measure [14J. 

In [T5], one starts with a A^-dimensional hermitian Matrix Model characterized by the 
tree-level potential 

S m = — tv(^ 2 , $ 3 ] + W{9t) + + (15) 



9m \ 

and the Dijkgraaf-Vafa-type free energy 



Z = expf-^-Fm^] = Cfi /d$id$ 2 d$3exp(-S„ 

V 9m J J 



(16) 



To determine the overall coefficient C^, one considers the specific form (Af = 1* 
model), 

N . ^ ^ , , M x ^ , M 2 „ , M, 2 



S m = — tr f [d> 2 , $3] + -±& x + + ^3 ) , (17) 

and tries to fix by demanding that the Af = 4 SYM limit (M, — > 0) reproduce the 
"trivial" model 

Jw =4 = lrm Tm=\* = — 77 — • 
Evaluating the matrix integral for small Mj, one obtains 



2n 



N / O \ N/2 



( 2ng 
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where J$ is the result of the integral over the "angular variables" of a hermitian matrix^]. 

The remarkable fact about eq. (118j) is that the leading term, of order N 2 , is smooth 
in the Mi — > limit (constant), and the IR divergent term is subleading in N. 

This fact guarantees the successful outcome of Kawai's scheme and the result is 

C*=( , n I* ) e-™*'»: (19) 



(2nfe 2 ^g 2 m 

Now we can assume that this value, for given (N, g m ), be valid for any potential W($i) 
in eq. ( 1T51) 

As has been shown explicitly in [T3], choosing = (Mi/2)$| and Mj = M — > oo, 

one can obtain the superpotential of TV = 1 SYM following the DV prescription 



WSYM _ AT A 



S 2 , /e 3 / 2 A ; 
log 



1 - log 



A3 



(20) 



2 °V S 

which is none other than the VY potential pQ. 

2.2.1 Af = 1* models 

One can also generalize [T3j the above computation to the case of an arbitrary W($i) 
in eq. (TT5l) . In particular, in the simple case that W(*f?i) = (Mi/2)<I> 2 , one obtains 
the superpotential for M = 1* model which include both the VY term and perturbative 
corrections. 

The corresponding matrix integral is given by 

Z = Cfij< d$! d$ 2 d$ 3 exp [-SV=i* ($ 4 ; MO] , (21) 

where 

SV=p = — tr [$ 2 , N + JE Mi$ ' ( 22 ) 

9m \ * i=1 J 

and C# is as in ( fl9l . One is now interested in the small gauge coupling, g , and large but 
finite Mj region. 



2 As is usual, 



where the Van Der Monde determinant for the Gaussian Unitary Ensemble takes the form A 2 (A) 

rwA,-A,) 2 . 
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After integrating over two of the three $'s and rescaling the diagonal elements 
remainder, one can rewrite Z^ = i* in the following form 

(A, - \,f 



where 7 = g%g m /(NM$) and M = (M 1 M 2 M 3 ) 1/3 . 

One can evaluate (1231) . expanding it in terms of the "small" parameter 7. 
Thus one can compute the DV free energy, F m , as 

f 9o9m \ _ 2vmo" 



Q 2 



log 



q 2 
N 2 



log /dAe 2^ A ^ 



■n{i 



+ 

+ 7(A, - x,y 



In the planar limit, exploiting the DV correspondence (N — > 00, g m ~ S*) 



(planar) 



+ 



2 

7 2 



log 



M 3 e 3 /2 



2 



S 2 
N 2 



"7 



5>-a,) 2 ) + ((]>> -a/) 

i>j ' < ^ i>j ' 



+ 



i>j 



+ ... 



2 



log 



gl S \ 2mr Q 



M 3 e 3 / 2 



Nr. 



+ 



+ 5 5 



2 J g 2 S 7(g 2 S 



2Q\ 2 



M 3 + 2 ^ M 3 



-23 



2C\ 3 



M 3 



+ ... 



where 



<{•••}> 



Jd\A 2 (X)e-^%..} 
j dAA 2 (A) e-h^L^ 



The effective potential is given by 



W eS (S) = N ( 



OF, 



(planar) 



dS 



-N r S 



lo g( Tq 



-N r S 



-3 



gis 

M 3 



+ 14 



A 3 
M 3 



+ 



115 



M 3 



+ 



which agrees with previous results 
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2.2.2 Af = 2 models 



As shown in [14], with exactly the same definition of the integration measure one can 
deal with spontaneously broken models. 

In this case, one has to add to the tree- level action, eq. ( 122]) . a symmetry breaking 
term. 

In order to analyse the breaking pattern 



U(N) -> U(Nt) x U(N 2 ) 
it suffices to introduce the cubic term 

1 



N x + N 2 = N, 



AW($i) = etr( ^l-v 2 <S>! 



(2f 



and take the e — > limit at the end of computation. Then, one can study the M = 2* 
model which can go over to M = 2 SYM (Seiberg-Witten model) in the infinite mass 
limit. 

One sets M 2 = M 3 = A > Mi ~ and ($) d = ±u. 
The relevant matrix integral is again 



Z N=2 * = C nJ d$ i d$ 2 d$ 3 exp - [SV=i. + AW($] 



(29) 



To study M = 2 SYM, for instance, one can go over to the limit that Ao — > oo and 
integrate out $ 2 , $3- In this case, since the cubic term can be neglected with respect to 
the $2 ; $3 mass terms, the only trace of the M = 4 regularization is the coefficient C^. 

Eq. ( |29l) is then reduced to the matrix integral with a single matrix 



Z = C 



N 



2ng„ 

NAo 

2ngr. 
A>A, 



N< 



N 

d<P exp tr 

9m 



J 



JV 



w 2 $ 



|d0A 2 (0)exp-£g[i 



(30) 



Such integral has been already studied [16] except for the explicit reference to Cft. 

On the other hand, in the M = 4 approach by Kawai et al. [Hj, the unambiguous 
definition of leads to a very clear interpretation of dynamical cutoffs appearing in 
the computation. This is particularly important when dealing with the non-perturbative 
formulation of the SW model where UV divergences appear in the corresponding matrix 
integral. 
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To analyze further the matrix integral (130]) one, as usual, picks up the classical vacua 
of the potential flU} 

($>ci = ±v (31) 

and constructs the series of vacua, characterized by N± eigenvalues at v and N% eigenvalues 
at -v (Nx +N 2 = N). 

Expanding the action (130]) around the respective classical vacua 



N ^ 

s> = -Y 

9m U 



2ev 9 e o 
+ 3 P * 



9m j=1 



2ev 9 e n 
~2<t + 3 q > 



(32) 



and taking account of all possible ways to choose Ni out of N eigenvalues, Z can be 
written as 



Z 



N 
Ni 



-N 



2 ™ T fj2 



A n lv e 



Ni N 2 



d P d ^Tin( 2t; +^+*) 2 nfe-^) 2 nfe-^) 2e " s '- ( 33 ) 



i=1 i =1 l<i<l<Ni l<j<k<N 2 

Wick-rotating the q variables and with a suitable rescaling 



N\ A _jy 2 ^1^2 (aV) 
A n e " c 



2N1N2 



N 2 



dpY\(Pi - Pi) 2 e ^™ 

l<i<K7Vi 



2 X 



x dg Y[(Qj - Qk) 2 e 

l<j<k<N 2 
f Ni N 2 

^ i=i j=i 



2 X 



Pi - iqj 



2 _ Pi _ 

g Z^i 3/33 g Z^j 2.I3-- 



(34) 



where V = (v - (-«)) = 2v, a = (NeV / g m ) 1 / 2 and (3 = (V/a). 

Here, one can consider (1//3) as the "small" parameter for the perturbative expansion 
of Z as for the corresponding free energy F m . 

In the planar limit (N — > 00 with g m Ni/N — > Si) (2 = 1, 2) the first few terms of F m 
are the following: 

Qth or( J er 



iV, 



(ft + s 2 ) 2 + + s 2 ) 2 log ^ + £ f io g (- 

i=l ^ 



,3/2 e yc 



(35) 
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This is essentially equal to the expression found in [T3] except for the fact that there 
one assumes A ~ V, while here A is clearly identified with the regularization mass from 
the mass-deformed M = 4 SYM models (A/" = 2* models). 

Thus Aq is related to the dynamical cutoff for M = 2 SYM, i.e. 



A^ =2 /A = exp[-87r 2 /(2iV c ( 7o 2 )] 
and the kinematical term of the mass deformed M = 4 SYM is equal to 

niTo = JVlog[A/v =2 /Ao]. 
Eq. (135j) can be rewritten in term of the physical quantities for M = 2 SYM, 

F( ? ) =(Sl+S2 fiog^-x:fio He 3 /2£V ,3 

The corresponding superpotential is 



i=l 



(36) 
(37) 

(38) 



(0) 



cff 



8=1 



dF 



N C {S! + S 2 ) log 



V 



i=i 



log 



A 

eV 3 



- 1 



log(^)+l 



(39) 



The last equality in the above is obtained by introducing the low energy cutoffs (A;) 2 =1 2 
defined by 



eV 



3 1 ^M=2 



V 



A 



(40) 



More explicitly 



A 37V 2 = £ iV 1F iV 2 -2iV lA 2g 2) 



(41) 



which agrees with the definition introduced in 



Higher order terms in 1//3 

In order to calculate higher order corrections in 1/(3 we have to expand the partition 
function: 



Z 



Ni N 2 r 

nn 

i=i j=i 



l (Pi - ly) ] 2 1 



(3 



exp - J2 



i=i 



Pi_ 

3(3 



exp 



E 



(tqj_ 

3(3 



(42) 
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where 



(...) 



dpjjfo -^) 2 exp 

Ki<KN 1 



Ni 2 ■ 

E Pm 
2 

m=l 

N 2 2 
Qn 



KiVKli™ n=l 



(...). 



(43) 



l<j<k<N 2 

Computing F m to order 1/ f3 2 and (1//3 2 ) 2 respectively, one obtains, in the planar limit 

1 



V 3 e 
1 

We 



2 2 3 



These results are essentially equivalent to those in [TBI [JJ5] . 



2.2.3 Non perturbative approach to SW model 

The perturbative treatments in the Matrix Model approach, described in sections 12.2.11 
and !2.2.2l can be converted to the exact ("non perturbative") results by means of the large 
N matrix technology [21]. 

The coefficient of the matrix integral measure introduced in [T4] is still relevant in 
this case. 

As is well known, in the analytical treatment of the matrix integral in large- iV limit, 
a certain integral of the matrix resolvent R(x) is divergent [20J, which necessitates the 
introduction of cutoffs. 

The coefficient C^, as defined in section |2~2"} gives a simple and consistent interpreta- 
tion of such cutoffs in terms of the regularizing mass in the original mass deformed Af = 4 
SYM model. 

We will illustrate this in the case of Seiberg-Witten type model [21] with M = 2 SUSY 
and gauge symmetry broken as: 

SU(N C ) -> [U(l)] N °-\ (44) 

Here, we mostly follow the presentation of [2"E] . 

The relevant matrix partition function is given by 

Z = e~i* m = Cfi f H d$ 4 exp -[SV=i* +W($i)]. (45) 
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Here SV=i*> given by eq. (1221) . is the tree- level potential for the mass-deformed Af = 4 
SYM with masses for chiral fields M = (0, Ao,Ao), and W(<&i) is the symmetry breaking 
inducing term. One has 



W'(x) oc l[{x -en), J2 ai = °- ( 46 ) 



1=1 



After integrating out the heavy components $2 and $3 and diagonalizing $1, eq. (Hoi) 
is reduced to 

Z = —^-e-^n,^ / d0A 2 (0)exp--^H/(^). (47) 

(AoJ 7 J 9m i 

Rescaling fa with the regularizing mass A , i.e. fa = A Aj, one has 

where W(Aj) is again a polynomial with W'(x) oc riiJiX^ ~~ ^i)- 
If we write the large- N matrix integral as 



/AT 
dAA 2 (0)exp ^V(A>) =e 
9m ■ 

then the physical matrix free-energy is 



JV 2 ^ 
9m 



(49) 



J~m — 9m 3~ m , (50) 

where the first term comes from the factor Cft, while T m can be written in terms of the 
density p(A) of matrix eigenvalues in the large- N limit 

-^m = 9m J2f d\p(\)W(\)-g 2 m Ys I dA / dA'p(A)p(A')log|A-A'|. (51) 

9m a J Ai • ■ J Ai JAj 



l iJ 



(Ai)^ are the intervals where the eigenvalues are concentrated and correspond to the 
cuts on the real axis for the matrix resolvent 

R(x) = g m J2 [ dA /^Tv ( 52 ) 

i J A t \ x A ) 
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They are analytically defined by the auxiliary function 



y 2 = w 2 + /^-i = - a t)(% - O. (53) 



i=i 



which gives the corresponding branch points and Ai = [a i ,af}. f'N c -i is the (iV c — l)-th 
order polynomial defined by 

As usual, one considers the model in terms of the independent input parameters 
oi, . . . , ajv c -i, {J2?=i «i = 0), and 



i r Nc 

Si = — fR(x)dx, i = l,...N c Q2Si = g m ). (55) 



i=l 



To study the variation of T m with respect to the collective variables S^s, one needs 
to consider the structure of the Riemann surface defined by the behaviour of R(x) with 
respect to the cuts Ai, 

R(x + le) — R(x — le) = —2mp(x), x G A\ (gluing conditions). (56) 

The above defines the two-sheeted surface connected with iV c tubes. R{x) and y[x) are 
single valued functions on this surface. One can show, from eq. (1511) . that 



ydx + const. = / Rdx + const., (57) 

d J Ci 



where Ci is the line connecting the points at infinity P(x + = A' — > oo) on the first sheet 
and Q(x + = Aq — > oo) on the second sheet passing through the cut A^ One can get rid 
of the unknown const, by rewriting eq. (1571) as 



3T BT 

U J m U J n 



dSi dSj 2 



ydx = <b Rdx. (51 



The closed curve Bij is given by B iy j = Ci — Cj. A' represents the U-V cutoff necessary 
to compute the matrix model. 
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Seiberg-Witten theory 

The Seiberg-Witten theory is given by the extremum condition for the effective action 
(DV action) 

Nc d 

h=l 



V^JL? N 9 ( mT ° 2 \ 
2-, d s/ m + I " c dg m {N c 9m ) 



h=l 

N c TV, 



i.e. 



2mr y^Sh + Y] -^-T m (59) 



r) Nc F)T 
— Y^(2Kt^S h + jf-) = j = l,2,...,iV c . (60) 

^ h=l 



This can be rewritten as 



F) F) \ — FIT 

asros^^M = ° «=i,..".-i, <«) 

h=l 

From the expression for dTjdSi given above, eq. (J58]) . these equations reduce to the 
following equations for the resolvent R: 



Eon 
fW = (63) 

EdR , . 

,, t BS- h +2mT ° = °' (64) 

The To term in eq. comes from the coefficient of the matrix integral measure. 
The bare coupling constant r codifies the regularization condition of our model in the 
original QFT form, i.e. the Af = 2* model with mass M = (0, Ao, Ao), which defines the 
regularized M = 2 SYM in the limit Ao — > oo, go — > oo, with the M = 2 dynamical cutoff 

A^ =2 = AoV 8 ^o 2 ^ (65) 
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kept constant. 

Thus, in such regularization scheme 



2iriT = 2N C log 



An 



(66) 



It has been shown [25] that in the particular breaking pattern, eq. (IHI) . the function 
/jv c -i, introduced in eq. (}5l| . has to reduce to a constant. In more detail, conditions (J63J 
are solved by the particular choice of inputs (see, e.g. , [25]): 

(67) 

> oo 



y 2 = W' 2 - 4A 2Afc (A = const.). 

that is the Seiberg-Wittern curve [21]. Under this choice, for x 

1 



R 



x 



R~x N ° 

From eq. (E7j), one can write 



on the first sheet, 
on the second. 



dR 



dx 



\ogR(x) 



(6* 



from which one can easily appreciate that the condition (1631) is satisfied. As for eq. (E 
one has 

= < 69 > 

Now 



(log i?) P = log(W* - v 7 ^' 2 - 4A 2 ^ 



Iog{<°-A'S"[l-2(A/Ai) iUVe ]} 

l0g 2 A^ 
L iV o - 



(logi2) = log(W + v 7 ^' 2 - 4A 27V = 



log{A^ + A'-[l -...]} 



log 



2A 
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(70) 



This will be exactly cancelled by the 27riro term in eq. flM|) if 




Ao 



(71) 



Thus one can conclude that the SW ansatz is the solution of extremum conditions for 
our matrix model if the cutoffs Aq and A in the matrix model computation are identified 
in terms of the M = 2* regularization of M = 2 SYM. 

For the rest of the calculation, one can go along the standard SW construction of the 
prepotential [20] . 

3 An improved QFT derivation of superpotential 

In this section, we would like to describe an improved computation of the superpoten- 
tial for the general SU(N C ) SYM model. 

We deal with the model given by eq. ([3]) and apply the techniques outlined in sections 
12.1.11 and 12.1.21 i. e. covariant supersymmetric Feynman rules and "ERG" variation of 
regularizing mass parameters. 

With respect to eq. (1), we have seen in section [2] that integrating out (^)a=i 1 
(i = 1,2) reproduces the holomorphic action ([5]) which is quadratic in $j a . 

In this section, however, we will make use of the fact that the actions to be dealt are 
always quadratic and take a shortcut substituting Z-J transformation with a simple 
rescaling transformation of the field variables. 

Thus we apply the following transformation written in momentum space 




} 



ia,jb 



The corresponding Jacobian is 




det (-p 2 + nW + A + M){-p 2 + tcW + A + M ) 



-i 





(the 4-momenta are Wick rotated) where again A($ 3 ) is treated as if it were a constant 
matrix (see section |2~TT) . 
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Note that in the present situation, the Konishi anomaly is the simple consequence of 
our holomorphic Feynman rule. [H] 

The resulting intermediate effective action (as a functional of W and $3) is given by 



- ~ /d 4 pd 2 7rtr 



log(r + M ) - log(r + M) 



(73) 



with r = p 2 + ttW + A. Effecting the fermionic integration yields 



1 r d 4 p 



fi=M 



8 J (p 2 + /i) 2 



(p 2 + n + A)~ W 1 (p + fj, + A)~ L W 2 - (W t <-► W 2 ) 

' n=M 

1 -| /i=M„ 

W 2 - (Wi «-> w 2 ) 



tr 



1 + 



.4 



wA\ + 



A 



p z + n 



= S {1 \M )-S {1 \M). 



(74) 



The matrices and A are defined in eq. (j3J). 

As in the previous section, we consider the effective action ( 1731) only up to the quadratic 
term in $ 3 . Then 



(p 2 + fi) 2 dUJ i 1 zy (P 2 + V) 2 
+ {F-W 1 ){F-<P) 2 {F-W 2 ) + (F.0)(F-W^)(F.0)(F.W 2 



(F-0) 2 (F-V4^i)(F-V4/ 2 ) + 



- {w 1 <-> w 2 ; 



(where it is understood that the momentum integration should be done only after taking 
the difference S (1) (M ) - S^(M). 

Making use of the commutation relation between F-0's and F-W's, one can rewrite it 

as 



d p 



3(F-0) 2 (F-V47 1 )(F-^ 2 ) + 



(1^2) 



(75) 



Introducing a Cartan-Weyl basis for SU(N C ), S^(fx) can be written as 

sWM ~ 2 /(^{ tr(i?2) + 



(76) 
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where a refers to the roots and W is taken to belong to the Cartan subalgebra. 

In our low energy (potential) approximation only the charged components of the chiral 
scalar contributes to the effective action, so one may replace (F-(fi) 2 aa by (Epfy)^, where 
E a are the ladder operators in the SU (N c ) algebra. Then 

Y,{F-4>)l a {a-W) 2 = J2(EM 2 aa (a-W) 2 = £ [^(W? + W 2 ) + W 2 ] W - W W - W (77) 

a a i>j 

where /x, (i = 1, N c ) are the weights of the fundamental representation of SU(N C ). 
As for the second term (the commutator term) 



a 

Eq. (1751) becomes 



-N, 



W 3 ) 2 



i>j 



d 4 P 



(p 2 + fi) 2 



J2[™ c (w 2 



tr(W' 



(p 2 + aO 1 



+ W? + WiWj) + 3W 



Thus S (1) (M ) - S (1) (M) consists of two terms: 
1. Constant ($ 3 independent) term 



J-4 

a p 



(p 2 + /i) 2 



tr W 



Mo 
M 



2N C W 2 
16tt 2 



r dr 



Ma 



M 



N C W* 
16tt 2 



l0g, S 



(7f 



(79) 



JO) 



2. $c> mass term 



d 4 P 



(p 2 + //)' 



Wo 



i<j 
2 



H=M 
fj,=M 



16tt 2 8 ■ 6M 2 



J2( 2N cUij + 3W 2 



'iXi—iijH'iij—^i 



i<j 



where u>ij = IV 2 + W^ 2 + WiWj and we have omitted the term proportional to 1/Mq . 

Thus after integrating $! and $ 2 , the effective action for $ 3 = is, up to the quadratic 
term, 



/dV 2 7r^j-p 2 + 7rt? + 

J i>j ^ 



2 9l 1 
32tt 2 8 3M 2 
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2N < JV ij + 3W 



Mi f-^j t f-lj 



- w (82) 



This corresponds to eq. (jSJ) of section [27T1 in the case of iV c = 2. Note however that, 
due to the different treatment with respect to the anticommuting external field W^ a \ eq. 
( 1821) would not go over formally to eq. (jHJ) simply with N c = 2 and W\-W<i = W 2 /2 (see 
below). 

— # 

To obtain the final form of the effective potential one integrates over $3 with the 
approximate quadratic action fl82|) . 

Here one has again to apply the RG transformation to separate the contribution for 
TV = 4 SYM S^(M) (M -> 0) and "Wilsonian part", S^(M ) - S®(M). Because of 
the gaussian approximation, one can repeat the same arguments used for integrating out 
$1 and $2, making use of an appropriate rescaling transformation. 

The resulting non zero contribution to the effective action, (function of W only), 

is 



9l 



UP x 
1 -2 



64tt 2 ■ 3M 2 



(3W 2 + 2N c uji 



p 2 + fx + 



+ 



n -2 



(83) 



64tt 2 M 2 32tt 2 • 3M 2 

If one expands the last expression in powers of Uij, then the generic term is of the form 



S n = const fd 4 pJ2(W 2 + W? - WiWj - WjW % 



glW* ^ 2 



x(-) n (n + l) 



32ti- 2 -3M 2 



P 2 + jJL + 



64tt 2 M 2 



64tt 2 M 2 
71 = 0,1,2,...) 



Here one must remember that W-*, W? are anticommuting fields. One consequence of this 
is of course that 



2\u 



(W 2 ) 



for u> N r 



15) 



However, let us assume that N c is sufficiently large so that one can attach unambiguous 
meaning to the function defined by the series 



2\v 



(86) 



u=0 
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to any desired order. 

The important point is the fact that in (154"j) . for any given pair i ^ j, one cannot have 
the product of more than four Wi and Wj, i.e. S n = except for n — or n — 1. 
Then eq. ( 1541 reduces to 



^ fd 4 P J2(W- + w 2 - WiWj - WjW, 

& 2 



P + jJ + 



64vr 2 M 2 



2g 2 JVea^ 
32tt 2 3M 2 



P + A* + 64vr 2 M 2 



d 4 p 



p +v + 



glw 



2 1-2 



64vr 2 M 2 



2\2 



9 2 (^ 2 ) 
32tt 2 Af 2 



„2 , . , g 2 ^ 2 



(87) 



Note that, to arrive at the above, one has used the completeness relation for the 
SU(N C ) weights 



A<:: 



i=i 



Thus, the superpotential can be determined from 



S (2) (M ) -5 (2) (M) 



r ar 



8- 167T 2 



iW 2 
8 • 16tt 2 



log | 



r + /i + 647r 2 M 2 

64,n 2 M 2 



g t 2 (^ 2 ) 2 
32tt 2 A/ 2 



M + 



r -t- -i- 647r 2 M 2 j 
flo 2 ^ 2 



/Lt=M 



M + 



64vr 2 M 2 



1 

+ 2 M + ^1- 



327r 2 A/ 2 



i9) 



64vr 2 M 2 



Again one has omitted 1/Mq term. 

Naturally, eq. (1591 will not go over to eq. (jHJ) of section [27X1 when iV c = 2. This is, 
as mentioned above, due to the different treatment of the anticommuting fields. Roughly 
speaking, eq. © makes unambiguous sense only up to OiW 2 ). 



3.1 IR limit of superpotential and VY form 

According to the assumptions discussed in the Introduction, eq. (1591) should lead to 
the superpotential for M = 1 SYM (or more generally, to the perturbative expansion of 
M = 1* model with small parameter g^W 2 / Mq) when M — > 0, that is when the residual 
terms should reproduce the superpotential for Af = 4 SYM, i. e. a triviality. 
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The second term in the last line of eq. fl89|) will go over to constant as M — > (or, 
more appropriately, as ~ M 3 /W 2 — > 0), so we may substitute its contribution for small 
M by 

^h w2 < 90 > 

To the one loop integral ( 1891) . one must add the constant term (1801) and the kinematical 
term in SV=4 SYM which is equal to 



16tt 2 g 2 
The final result is then 

Nr. 



1 N c 

16tT 2 8 



log 



128tP 



log 



M 

T 



^o 2 J 



+ log| 



Mo 
A 



1 + 



7 



(91) 



647r 2 M 3 



1 + 



JIlL 



64w 2 M M 2 



+ 1+ iv; 



(92) 



To go further and deduce the VY form of the potential, one has to follow the same 
argument as in section |2~T1 [8j [cfr. eq. (J80l) ]: if one is allowed to conclude that the second, 
logarithmic term in eq. ( 1921) can be replaced for "small M" by 



log 



glw 2 



Mtt 2 M 3 j 

then the whole of eq. (192]) can be reduced to VY form: 



(93) 



N n 



128tt ; 



W J < log 



w 2 



'2k 3 



1287T 2 



+ 



^0 

Nr. 



(94) 



Eq. 



should be compared with the standard expression 



Nr 



128tt 



W 2 { log 



W 2 



1287T 2 



A 3 e 



+ 



n?o 
iV, 



(95) 



Now, to assert 



log 



1 + ag 2 W 2 /M 3 



log [aglW 2 lW 



(96) 



l + ag 2 W 2 /{M M 2 )_ 
(Mo 3> M,M ~ 0, a = numerical constant) it is necessary and sufficient to have 

aglW 2 /M 3 > 1 and ag 2 W 2 / (M M 2 ) = (M / M Q )otg 2 W 2 / M 3 < 1 (97) 
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or 



Substituting to W 2 its "desired" mean value W 2 ~ A 3 , fl96l) becomes 
gl{k/Mf > 1 and {M/M )g 2 (A/M) 3 < 1 

(M /M) » £ 2 (A/M) 3 » 1 
By the definition of the dynamical cutoff of M = 1 SYM 

2 2 (A/M) 3 = (M /M) 3 exp [-Stt 2 / (N c g 2 [ 

In the end, one needs the simultaneous inequalities 

(M /M) 2 exp [-87r 2 /(iV c 0o)] < 1 and (M /M) 3 exp [-87r 2 /(iV^ 2 ) 

or 



(98) 
(99) 



> 1 



exp- 



ln 2 /(N c g 2 )\ « (M /M) « exp -[Sit 2 / (N c g 2 ) 



(100) 



Does this last set of inequalities make sense for values of Mq/M between 1 and oo? 
Naturally, this makes sense only for 



exp 



8n 2 /(N c g 2 ) 



> 1. 



(101) 



Only then (M/M ) can flow into M/M -> 0. (jIUTj) implies the 't Hooft coupling 
should be small 

A 2 = N c gl - 
On the other hand, in the strong coupling regime, 



exp 



8n 2 /(N c g 2 ) 



<1, 



(102) 



the inequalities f llOOj) do not make any sense (M/Mq ~ 1) and the present computational 
scheme collapses. 



3.2 Non-Gaussian corrections 

The above discussion is relevant also for another difficulty raised in section 12.11 i. e. 
the justification of the gaussian approximation. 

The full effective action for $3 = 0, after $1 and $2 have been integrated out, looks 

like 

|Q?(f + Mo)$+ W 2 C'(^ 0)) (103) 
24 



where r = —p 2 + rcW + (1/32tt 2 )(^/3M 2 )W 2 . 

To simplify the discussion, here we have taken the special case of N c = 2, the gener- 
alization to arbitrary N c being straightforward. 

The rescaling transformation, which can be written as 



r + M 

f + Mo 



transforms eq. (j!03j) to 



From eq. fll04j) . one can read off the components of relevant Feynman graphs. 
An internal line connecting any two vertices in £' looks like 

\ 2 1 



MJ T + M 

Thus, for a vacuum graph with / internal lines, V vertices and L loops, its value is 
proportional to 



F{I,V,L) oc S L S V 



9o*\ 2 1 Y j Sjgo/Mf Y . 

S — since L + V = I — 1 

V r + M J 

2W 2 \ 1 / n 1 W 2 x 1 



M J r + M 



S[ m ^ =S n ^ 1 (105) 

JVIq f- 327r 2. 3M 2 / \ 327r2.3M M 2 



Thus, again, the error due to the gaussian approximation is negligible only if (cfr. eq. 

dZD) 



4 Conclusions 

In this note, we have attempted to explain the VY potential of M = 1 SYM model 
with gauge group SU(N C ) starting with the microscopic Lagrangian and covariant super- 
symmetric ( "holomorphic" ) Feynman rules, valid for low energy external states. 

Instead of the usual instanton expansion, we have applied a Renormalization Group- 
inspired method of varying the regularizing mass \i (M > \i > M). Taking the limit that 
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M — > 0, one hopes to deduce the potential in question as the difference with respect to 
the holomorphic superpotential of Af = 4 SYM model which is assumed to be trivial. 

In the end, we have obtained, with a more or less reliable approximation, the super- 
potential of pure Af = 1 SYM. Note that this is obtained essentially as one loop effect, as 
has been stated or conjectured several times previously pQ. 

Indeed, the RG method allows one to extract the convergent expression for such a one 
loop integral, which can then lead to VY form for the case of pure SYM. 

However, we have to conclude also that our method, while qualitatively correct, does 
not arrive at the precision and generality of the Matrix Model approach. As we have seen 
in (J2J), the Matrix Model can be applied to much wider class of problems. 

Once one accepts the prescription of [3] with the fixed integration measure of [H] one 
can obtain the superpotential of Af = 1 and Af = 2 models without any ambiguity. 

On the other hand, in [IB] the direct correspondence (without going over to the 
superstring theory or M-theory) has been shown between supersymmetric gauge field 
theory and matrix model. 

More explicitly, one can map the Af = 1 U(N) SYM + adjoint matter on non- 
commutative space time on to the large N limit of certain super matrix models. 

Since the former at low energies goes over to the usual GFT model on commutative 
space-time except for the quantities with UV divergence, the authors of [18] apply this 
correspondence to derive directly the Dijkgraaf-Vafa method. 

In the present note, the main object of the discussion is the so-called Af = 1* model 
- mass deformed Af = 4 SYM - which is free of UV divergences. Thus the demonstration 
of Kawai et al. must apply in a very simple way. 

Then, there must be a simple QFT method which reproduces the Matrix Model results 
for quantities like superpotentials. 

One possibility is that our present method does not take sufficient account of the IR 
structure of the Af = 4 model. Indeed, we did not find the "miracle" corresponding to 
the large N matrix result quoted in section [HJ 

At the same time, the problem of singular external fields like S = W 2 with S Nc = 
(S is however "bosonic") appears not to have been completely cleared. In fact, one 
must recognize that the discussion on IR limit at the end of section [3] is still not entirely 
satisfactory. For instance, for the simplest case of N c = 2, one can even invent a "proof" 
of the desired IR limit. Namely, by making use of the fact that (W 2 ) 2 = for N c = 2, 
one can easily show that 





3 



) 



3 
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where A oc W 2 . The last expression has a finite M — > limit which is precisely equal to 
log(A/A 3 ) as desired. 

This "demonstration" only shows that we did not yet establish the exact rule for 
dealing with "classical" quantities like S = W 2 and their functions, quite apart from the 
quantum effect discussed in [22]. These problems need further investigations. 
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